Using the energy spectrum of graphene with spatially modulated potential, we study the Goos-Hänshen shifts near extra Dirac points located at finite energy ε = mπ, with m integer. On both sides of such points, we show that the Goos-Hänshen shifts can be negative as well as positive under various conditions. It is found that the shifts are strongly depending on the effects of the incident energy, potential height, incident angle and width of central region of unit cell. Such effects tell us that such width can be used to tune the shifts at the extra Dirac points.
Introduction
A beam of light may undergo a shift due to the occurrence of diffractive corrections, which is known as the Goos-Hänchen (GH) shift that is perpendicular to the direction of propagation in the plane containing the incident and reflected beams. The GH shift was discovered by Hermann Fritz Gustav Goos and Hilda Hänchen [1, 2] and theoretically explained by Artmann using stationary phase method [3] and Renard using energy flux method [4] . With the development of laser beam and integrated optics [5] [6] [7] [8] , the GH shift becomes very usable in the applications of optical waveguide switches [6] and sensors [9, 10] , or in fundamental problems on tunneling time [11] [12] [13] . Recently, the lateral GH shifts have been extended to many branches of physics, such as quantum mechanics [4] , acoustics [14] , neutron physics [15, 16] , atom optics [17] and spintronics [18, 19] .
On the other hand, there is a big progress in studying quantum phenomena in graphene systems among them we cite the quantum version of GH shifts. Many works in various graphenebased nanostructures, including single [20] , double barrier [21] , and superlattices [22] , showed that the GH shifts can be enhanced by the transmission resonances and controlled by varying the electrostatic potential and induced gap [20] . Similar to those in semiconductors, the GH shifts in graphene can also be modulated by electric and magnetic barriers [23] . It has been reported that the GH shift plays an important role in the group velocity of quasiparticles along interfaces of graphene p-n junctions [24, 25] .
Very recently, we have analyzed the electronic structures of massless Dirac fermions in multi-unit graphene superlattice composed of 3-regions [26] . Subsequently, using Chebyshev polynomials, we have studied the corresponding tunneling effect by investigating the transmission, conductance and Fano factor [27] . Indeed, it was shown that the extra Dirac points appear at the transverse wave vector k y = 0 and incident energy ε = mπ with m integer value. In addition, at such points it was found that the transmission probability has transmission gaps, the conductance is minimal and the Fano factor reaches a maximum. Consequently for a potential V = mπ and with energy range 0 ε V, we have obtained (m + 1) transmission gaps located at ε = mπ.
Motivated by our previous works [26, 27] , we study the GH shifts in graphene with spatially modulated potential. Indeed, we derive the GH shifts as function of different physical parameters based on the phase shifts in transmission and reflection. In order to provide a better insight into our results, we give a numerical study under various choices of the relevant physical parameters. In particular, we show that the GH shifts can be negative as well as negative near extra Dirac points and can be enhanced by defect mode. Our results tell us that the GH shifts can be controlled by the width q 2 of the central region together with the potential height.
The present paper is organized as follows. In section 2, for the neediness we review the derivation of the dispersion relation describing the energy of our system. These will be used in section 3 to determine the phase shifts corresponding to the transmission and reflection, respectively. Furthermore, we derive the GH shifts in terms of the energy, incident angle, potential height and width q 2 . In section 4, we numerically analyze and discuss the transmission probability, GH shifts and the phase shifts by considering suitable choices of the physical parameters. We conclude our results in the final section.
Theoretical model
The Hamiltonian governing the Dirac fermions in graphene with spatially modulated potential can be written as
where p = (p x , p y ) is the momentum operator, v F ≈ 10 6 m/s is the Fermi velocity, σ = (σ x , σ y ) are the Pauli matrices, I is the 2 × 2 unit matrix, the index i is running from 1 to 3. Our system is formed by n unit cells that are interposed between the input and output regions, see Figure 1 .
The n unit cells are labeled by the index j running from 0 to n − 1 and each j is composed by a juxtaposition of the single square barriers of heights (V 1 , V 2 , V 3 ) and widths (d 1 , d 2 , d 3 ). The potential V (x) in a j th unit cell is given by 
and we have set
with s i = sign(ε − V i ), θ i = arctan (k y /k i ). The parameters α i , β i are the amplitude of positive and negative propagation wave-functions inside the region i, respectively. The wave vector for region i takes the form
and the dimensionless quantities
is the incident energy at angle θ of massless Dirac fermions from the input region. At interfaces, the boundary conditions of wave-functions allow us to obtain the transfer matrix associated with n identical unit cell [26] T n = W −1 0 (0)Ω n W 0 (nd) (6) and Ω takes the form
It is convenient to write the matrix Ω n in terms of the Chebyshev polynomials of the second kind
and consequently, we show that the dispersion relation can be cast as
such that the trace is given by
where we have defined the quantity
Next we will see how the above results can be used to study the GH shifts and investigate the basic features of our system. This will be done by resorting in the first stage the phase shifts associated to the transmission and reflection.
Goos-Hänshen shifts
To determine the GH shifts, we introduce the transmission and reflection probabilities, which will allow to obtain the corresponding phase shifts. Indeed, knowing that the amplitudes A in = 1 r n and A out = t n 0 of the eigenspinors in input and output regions are connected by the relation
we show that the solution of (12) provides the transmission and reflection amplitudes (t n , r n ) in terms of transfer matrix elements, which is
To proceed further, we use the complex notation to write t n = ρ t e iϕt , r n = ρ r e iϕr (14) such that the phase shifts and modulus are given by
From the above results, we can easily derive the corresponding transmission T n and reflection R n probabilities. They are
To study the GH shifts in graphene with spatially modulated potential, we consider the incident, reflected and transmitted beams around some transverse wave vector k y 0 corresponding to the incidence angle θ 0 (k y 0 ), which belongs to the interval [0, π/2]. Indeed, the incident beam is given by
and f (k y − k y 0 ) = w y e −w 2 y (ky−ky 0 ) 2 /2 is the angular spectral distribution, assumed of Gaussian shape, w y = w sec θ 0 and w is the half beam width at waist [24] . When the electron beam is well-collimated, there will be a narrow distribution of k y values around k y 0 corresponding to a small beam divergence δθ = λ/πw with λ = 2πd/ε is the Fermi length. With this assumption, k y -dependent terms can be approximated by a Taylor expansion around k y 0 retaining only the first order term we get
Evaluating the Gaussian integral (18) to obtain the the incident beam Ψ ± inc = e −(y−y 0 ± inc ) 2 /2w 2 y at x = 0 such that the two components are
giving rise to the separation of the two centers of the incident beam
For convenience, we assume that the potential is the same in the input and output region, then the transmitted beam can be expressed as
where L is the total length of the graphene superlattice. The stationary phase approximation requires that the phase ϕ t of the transmission coefficient t n (k y ) is linearly dependent on k y and the amplitude of the transmission keeps almost constant, allowing to expand ϕ t (k y ) in Taylor series at k y 0 , and retain up to the first-order term. After substituting all into the Gaussian integral (24), we obtain Ψ ± tr = e −(y−y 0 ± tr ) 2 /2w 2 y at x = L with the two components of the transmitted beam
We notice that the separation δ 0 of the two centers for the transmitted beam is the same as that for the incident beam. In addition, the comparison of the incident and transmitted beams, leads to the displacement of the two components
which can be used to define the GH shifts in transmission [24] 
In similar way we can derive the GH shifts in the reflected electron beam in graphene with spatially modulated potential using the reflection coefficient obtained before. Consequently, the two GH shifts are given by
In the next we focus only the numerical study of the GH shifts in transmission and the other one can done in similar way.
Numerical results
We will numerically analyze and discuss the the properties of GH shifts near the extra Dirac points located at finite energy ε = mπ, with m integer, for Dirac fermions in graphene with spatially modulated potential. This will be done by tuning on different physical parameters characterizing our system under various conditions. Indeed, Figure 2 shows the transmission probability (Figures (a)-(d) ) and the corresponding GH shifts S t /λ (Figures (e)-(h) ) versus the incident energy ε for the transmitted electron beam with the configuration of the parameters n = 30, θ 0 = 5 • , V = 4π for different values of q 2 . We observe that whatever the value of the distance q 2 , the extra Dirac points [26] and transmission gaps [27] , as shown in Figure 2 ((a)-(d)), are located at finite energy ε D = mπ, m integer. Obviously, near the extra Dirac points at finite energy ε D and for any distance q 2 the GH shifts are always negative when ε < ε D and positive in the opposite side, namely ε > ε D . In addition, we notice that the negative and positive GH shifts, associated with extra Dirac points at finite energy, are sensitive to the parameter q 2 . In fact, as long as q 2 increases the GH shifts decrease, which may be useful to control their negative and positive behaviors. Figure 3 presents the behaviors of the GH shifts S t /λ versus the incident angle θ for the transmitted electron beam in graphene with spatially modulated potential of n = 30 unit cells. Indeed, in Figure 3 (a) we chose the parameter configuration q 2 = 1/3, V = 4π and three values of the incident energy ε = π (red line), 2π (green line), 3π (blue line). We observe that at normal incidence, i.e. θ = 0, the GH shifts at extra Dirac points are null, which is the result of the pristine graphene. However, when θ increases S t /λ also increase and for θ = 90 • become giant. On the other hand, it is clearly seen that when the quantum number m increases the GH shifts increase slowly. In order to characterize the GH shift behaviors for small values θ and different values of width, we present in Figure 3 (b) S t /λ versus θ for three values ε = π, 2π, 3π highlighted by red, green and blue lines, respectively and for three values q 2 = 1/3 (thick line), 1/2 (dotted line), 2/3 (dashed line). It is interesting to note that for ε = 2π, 3π as long as q 2 increases S t /λ increase, but for ε = 2π the GH shifts corresponding to q 2 = 2/3 is lower than that corresponding to q 2 = 1/3. This result shows the influence of the width q 2 on the behavior of S t /λ and then tells us that one may manipulate the GH shifts by playing on q 2 . This statement will be clarified in the next Figure. Figure 4 illustrates the GH shifts S t /λ versus the distance q 2 for the transmitted electron beam in graphene with spatially modulated potential of n = 30 unit cells, for V = 4π, θ = 5 • and four values of incident energy ε = π (red line), 2π (green line), 3π (blue line), 4π (magenta line). One can see that whatever q 2 , for θ = 5 • and ε = mπ, as long as m increases S t /λ decrease negatively. In addition, for q 2 between 0 and 0.75 the GH shifts vary slightly, but from the value q 2 = 0.75 it increase rapidly until become null for q 2 = 1 that is the case of the pristine graphene. For q 2 near 1, when θ increases S t /λ change sign from negative to positive and then go to zero for q 2 = 1. One remarkably effect to mention is that when θ = 10 • , we observe the GH shifts are almost constant till some values near q 2 = 1. This tell us that the variation of S t /λ in terms of the width q 2 is strongly affected by the values taken by the incident angle θ and therefore it can be used to act on S t /λ. We present in Figure 5 the GH shifts S t /λ versus the potential V for the transmitted electron beam in graphene with spatially modulated potential of n = 30 unit cells, for q 2 = 1/3, θ = 5 • and four values of incident energy ε = π (red line), 2π (green line), 3π (blue line), 4π (magenta line), 5π (pink line). We notice that, for ε = π, 2π, 3π and q 2 = 1/3 the GH shifts are always negative and decrease when the potential increases. For ε = 4π, 5π, as long as the potential increases, S t /λ start with negative value and increase to reach a positive peak, then decrease rapidly to negative regime. According to Figures 5(b) , 5(c) we observe that when q 2 increases, S t /λ decrease rapidly to negative regime. Therefore, the GH shifts S t /λ can be changed from positive to negative by controlling the strength of the potential V and the width q 2 . Figure 6 presents the phase shifts ϕ t versus the incident angle θ for the transmitted electron beam in graphene with spatially modulated potential of n = 30 unit cells for V = 4π under some choices. Figure 6 (a) shows ϕ t of the transmitted beam versus θ with q 2 = 1/3 for different values of incident energy near the first Dirac point at finite energy ε D = π highlighted in red (ε < ε D ), green (ε = ε D ) and blue (ε > ε D ) lines, respectively. We notice that, for 0 ≤ θ ≤ θ 0 , ϕ t are positive and reach a positive peak for ε ≤ ε D , which is valid for ε D = mπ, m is an integer as illustrated in Figure 6 (b). For ε > ε D the phase shifts decrease from zero to negative regime and then reach the same value of positive peak. After θ 0 , they are oscillating periodically from positive to negative values with the same amplitudes and change the phase as long as θ increases. In addition, the oscillation period decreases when θ increase. Figure 6 (c) shows ϕ t of the transmitted beam versus θ for different values of width q 2 where we observe that ϕ t vary smoothly with respect to q 2 .
Conclusion
To summarize, we have studied the Goos-Hänchen shifts for Dirac fermions in graphene with spatially modulated potential. After setting the solutions of the energy spectrum, we have calculated the phase shifts of the transmitted and reflected beams via the transmission and reflection coefficients. These phases have been used to obtain the Goos-Hänchen shifts in transmission and reflection as function of a set of physical parameters characterizing our system such that the incident energy, potential height, incident angle and width of the central region of one cell. Subsequently, we have presented different numerical results to emphasize the basic features of our system. Indeed, we have found that the shifts near the Dirac points located at finite energy ε D = mπ, m is an integer, depend strongly on the width q 2 . Moreover, when ε < ε D the GH shifts are always negative for any distance q 2 , but it become positive when ε > ε D . Furthermore, we have also found that at normal incidence the GH shifts are null and as long as the incident angle increases the the shifts increase. We have showed that, whatever ε D = mπ (m is an integer), for 0 ≤ θ ≤ θ 0 , the phase shifts are positive and reach a positive peak for ε ≤ ε D . Contrariwise, for ε > ε D the phase shifts decrease from zero to negative regime and then reach the same value of positive peak. In case of θ > θ 0 , these phase shifts are oscillating periodically from positive to negative values with the same amplitudes and change the phase as long as incident angle θ increases. We have noticed the GH shifts can be controlled by the incident energy, incident angle, the potential height as well as depend strongly (smoothly) on the width q 2 of central region of unit cell.
